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Klein tunneling and cone transport in AA-stacked bilayer graphene
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We investigate the quantum tunneling of electrons in an AA-stacked bilayer graphene (BLG)
n-p junction and n-p-n junction. We show that Klein tunneling of an electron can occur in this
system. The quasiparticles are not only chiral but are additionally described by a ‘cone index’.
Due to the orthogonality of states with different cone indexes, electron transport across a potential
barrier must strictly conserve the cone index and this leads to the protected cone transport which
is unique in AA-stacked BLG. Together with the negative refraction of electrons, electrons residing
in different cones can be spatially separated according to their cone index when transmitted across
an n-p junction. This suggests the possibility of ‘cone-tronic’ devices based on AA-stacked BLG.
Finally, we calculate the junction conductance of the system.
PACS numbers: 71.70.Ej,73.21.Fg,79.40.+z
I. INTRODUCTION
Since the isolation of single layers of graphite in
20031, many exciting works on single layer graphene
(SLG) have been done2. For example, the pre-
diction and observation of electron-hole symmetry
and a half-integer quantum Hall effect3–5, finite con-
ductivity at zero charge-carrier concentration3, the
strong suppression of weak localization6,7, universal
conductance8–11, magnetic enhancement of optical
conductance in graphene nanoribbons12 and strong
nonlinear optical response in the terahertz frequency
regime13,14.
Bilayer graphene (BLG) exhibits additional new
properties not seen in single layer graphene, chief
among them are the trigonal warping15,16, a phe-
nomenon solely due to the interlayer coupling. The
trigonal warping is robust and independent of the
interlayer coupling strength. The quantum Hall
plateaus in BLG are doubled and are also inde-
pendent of the interlayer coupling strength17. In
general, electrons in BLG behave qualitatively dif-
ferently than in SLG. Phenomena such as inter-
layer drags18 and correlations19 are unique in BLG.
The electronic and transport properties of BLG dif-
fer significantly from SLG in many respects, par-
ticularly at the low energy ‘Dirac’ regime. Vari-
ous models for low energy BLG exist in the liter-
ature depending on the coupling terms included,
and whether electronic bands beyond the lowest
energy subbands are retained16,20. Many interest-
ing results are obtained based on a model that in-
cludes only the most dominant of the interlayer cou-
pling terms in BLG, as well as the usual nearest
neighbor intralayer term21. By including the sec-
ond most dominant interlayer coupling, some un-
usual properties such as a peculiar Landau-level
spectrum16, a new low energy peak in the optical
conductance22,23 and retro-reflection of electrons in
a BLG/superconductor heterojunction24 have been
demonstrated. By further increasing the number of
layers, one has graphene multilayers whose energy
dispersion near the K-point can be tuned by a gate
voltage25.
BLG has two distinct forms: the usual Bernal
stacking (or AB-stacking) where the A-sublattice
of the top layer is stacked directly above the B-
sublattice of the bottom layer, and the AA-stacking
(Fig. 1) where one layer is stacked directly above
the other with exact matching of the sublattices26,27.
In AA-stacked BLG, the energy dispersion in the
low energy regime is made up of two shifted Dirac
cones. The Dirac cones in AA-stacked BLG are iden-
tical to that of the linear energy dispersion in SLG,
except that the two cones are offset from the SLG
dispersion by the interlayer hopping energy. There
has been considerably less research into AA-stacked
BLG than AB-stacked BLG as it was believed to be
unstable. However recent studies have shown that
BLG in the form of AA-stacking can actually be
formed stably28–30.
The Klein paradox is an ultra-relativistic phe-
nomenon where massless Dirac fermions transmit
perfectly across a potential barrier irrespective of
the height and width of the barrier31. In the ultra-
relativistic case, the transmitted electronic wave-
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FIG. 1. (Color online). Lattice structure of AA-stacked
bilayer graphene. The A1 sublattice is stacked directly
above the A2 sublattice. The interlayer and intralayer
hopping energies are γ and t respectively.
function does not exponentially decay while prop-
agating within the potential barrier. Instead, the
incident electron state is connected to the positron
state within the barrier which allows the undamped
propagation of the incident particle across the poten-
tial barrier. A condensed matter version of the cele-
brated Klein paradox has been demonstrated in SLG
and AB-stacked BLG where the low energy elec-
tron is described by relativistic massless and massive
Dirac fermion, respectively32–34. Due to the conser-
vation of pseudospin, perfect electron transmission
occurs in SLG at normal incidence. In contrast to
SLG, the pseudospin of electrons in AB-stacked BLG
rotates twice as fast as the electron wavevector and
this results in the perfect reflection of electrons at
normal incidence. This peculiar ‘Klein reflection’
has no counterpart in relativistic quantum mechan-
ics. Cloaking of electronic states in AB-stacked BLG
based on ‘Klein reflection’ has been proposed35.
In this work, we study theoretically the elec-
tron transport across a junction in AA-stacked
BLG. For AA-stacked BLG, electron transport
across a magnetoelectric barrier has been consid-
ered previously36. Here we shall study the problem
of electron tunneling across a non-magnetoelectric
step potential barrier (n-p junction and n-p-n junc-
tion) in AA-stacked BLG. We found that Klein tun-
neling occurs at normal incidence as a result of the
Dirac nature of the quasiparticles. Furthermore, the
quasiparticles in AA-stacked BLG are described by
a ‘cone index’ and we show that it is a strictly con-
served quantity. Such conservation leads to pro-
tected cone transport of electrons in AA-stacked
BLG which could potentially have applications in
a device. Finally, we calculate the junction conduc-
tance and the results are discussed.
The paper is organized as followed. In Section II
we present the electronic properties of AA-stacked
BLG. Electron transport across n-p and n-p-n junc-
tions are presented in section III. The tunneling con-
ductance is presented in section IV, followed by a
conclusion in section V. Additional derivations and
discussions are given in the Appendix.
II. TIGHT BINDING HAMILTONIAN OF
AA-STACKED BLG
The Hamiltonian of AA-stacked BLG is formu-
lated by considering a tight-binding model37. Only
nearest neighbor in-plane hopping is considered, as
well as direct interlayer hopping (ie.A to A or B to
B sublattices). The Hamiltonian takes the form38:
H = −t
∑
〈nm〉iσ
a†
niσbmiσ − γ
∑
nσ
a†
n1σan2σ − γ
∑
mσ
b†
m1σbm2σ +H.C., (1)
where a†
niσ (aniσ) and b
†
miσ (bmiσ) are the creation
(annihilation) operators on the A and B sublattices
respectively for layer i = 1, 2 and spin σ. In the basis
of ψ = (a1, b2, a2, b1)
T , the Hamiltonian operator is
written as26
Hˆ =


0 0 γ f(k)
0 0 f(k) γ
γ f(k) 0 0
f(k) γ 0 0

 . (2)
Here, γ ≈ 0.2 eV is the interlayer hopping energy26,
f(k) = ~vFke
−iθ where θ is the angle of the wavevec-
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FIG. 2. (Color online). (a) Band structures of electrons (left) and holes (right). The band structure is made up of two
up-down shifted Dirac cones. Electrons and holes reside in one of the Dirac cones which is labeled by a cone index
c. (b) The chirality of the quasiparticles are labeled by χ. For χ = +1(χ = −1), the wavevector is (anti-)parallel
to the group velocity. (c) and (d) show the tunneling of an electron through an n-p junction and an n-p-n junction
respectively
.
tor, vF =
√
3ta
2~ ≈ 10
6 m/s is the Fermi velocity,
t is the in-plane nearest neighbor hopping energy,
and a is the in-plane carbon-carbon separation. The
Hamiltonian can be compactly written as:
Hˆ = σx ⊗ (γIˆ2 + σ · k). (3)
where Iˆ2 is the 2 × 2 identity matrix and σ is the
Pauli spin matrix. The Hamiltonian in Eq. (2)
can be diagonalized to give the energy dispersion
Eη1η2(k) = η1 (|f(k)| + η2γ) = η1 (~vf |k|+ η2γ),
where η1 = ±1 and η2 = ±1 are the band indices.
The band structure of AA-stacked BLG is shown
in Fig. 2a. The band structure is made up of two
up-down shifted Dirac cones. For an intrinsic AA-
stacked BLG, the Dirac cones intersect each other
at E = 0. Instead of forming a single Dirac point
there, a Dirac ‘ring’ is formed. The eigenvectors are
given by
ψη1η2(θ) = e
ik·r


η1e
−iθ
η1η2
η2e
−iθ
1

 . (4)
We will suppress the normalization factor through-
out this paper as it will have no impact
on the final results. The wavevector can
be decomposed into its x and y components
given by k = (kx, ky) = |k| (cos θ, sin θ) =
(~vF )
−1 [η1Eη1η2 − η2γ] (cos θ, sin θ).
We define two operators that commute with the
Hamiltonian:
Cˆ = γ5 = σx ⊗ Iˆ2 =


0 0 1 0
0 0 0 1
1 0 0 0
0 1 0 0

 , (5a)
χˆ = σx ⊗
(σ · k)
k
, (5b)
where γ5 is the 5th gamma matrix. Both of these
operators are the Kronecker product of σx with an
operator that commutes with the Hamiltonian for
SLG (i.e. the identity matrix Iˆ2 and the chirality
operator for SLG σˆ·k
k
). We shall refer to the opera-
tors Cˆ and χˆ as the ‘cone operator’ and ‘chirality op-
erator’ respectively. We define the following terms:
c ≡ η1η2 and η1 ≡ χ where c will be referred to as
3
the ‘cone index’ and χ the ‘chirality index’. The en-
ergy dispersion and the eigenfunctions can be recast
in terms of c and χ, as follows:
Ec,χ(k) = χ~vf |k|+ cγ (6a)
ψc,χ(θ) = e
ik·r


χe−iθ
c
cχe−iθ
1

 . (6b)
Using these definitions, it can be shown that
Cˆψc,χ = cψc,χ and χˆψc,χ = χψc,χ. The energy
bands (see Fig. 2a) can be conveniently labeled
by the cone and chirality indexes. A quasiparticle
state is situated in the upper (lower) cone if c = +1
(c = −1). The physical significance of the eigen-
value χ is immediately obvious if we consider the
group velocity39;
vχ(k) = χvF
k
k
. (7)
Whether v(k) aligns with k is dependent on the chi-
rality index χ. A quasiparticle state is electron-like
(i.e. v(k) is parallel with k) if χ = +1, and hole-like
(i.e. v is anti-parallel with k) if χ = −1 (Fig. 2b),
hence the naming of χ as the ‘chirality index’ of a
quasiparticle. In Fig. 2a, it can be seen that the
electron states can be subdivided into two regimes:
(I) where both c = ±1 electrons are electron-like
and (II) where c = +1 electrons are hole-like while
c = −1 electrons are electron-like. The holes can
also have two chiralities as denoted by Regimes (III)
and (IV).
III. KLEIN TUNNELING THROUGH A
POTENTIAL BARRIER
A. n-p junction
We first consider electron tunneling through an n-
p junction (see Fig. 2c). In graphene, one can use
a gate voltage to control the Fermi energy to form
the p and n regions. The band discontinuity at x=0
gives rise to a step-like potential barrier having the
form
V (x) =
{
V0 when x > 0
0 when x < 0.
(8)
As we shall show below, all inter-cone transitions
(i.e. c → −c processes) are strictly forbidden due
to the orthogonality of electron wavefunctions with
a different cone index. For the permissible intra-
cone processes, there exist four cases for transitions
across the barrier: (i) electron in Regime I → hole
in Regime III; (ii) electron in Regime I → hole in
Regime IV; (iii) electron in Regime II → hole in
Regime III; and (iv) electron in Regime II→ hole in
Regime IV. The transmission coefficient of each of
the four processes can be calculated using the same
method. First we shall show in detail the calculation
for the transmission of an electron in case (ii), i.e.
electron with c = +1 and χ = −1 into a transmitted
state with the same c and χ as the incident state.
In this case, E < γ < V is the incident electron en-
ergy. The results for the other possibilities all follow
analogously.
The wavefunctions on the left-hand side and right-
hand side of the barrier, ΨL and ΨR respectively, can
be written using Eq. (4) as:
ψL = e
ikxx


−e−iφ
1
−e−iφ
1

+ re−ikxx


eiφ
1
eiφ
1

 (9a)
ψR = te
ik′xx


−e−iθt
1
−e−iθt
1

 . (9b)
Here φ is the angle of the incident electron relative
to the normal to the barrier, θt is the transmitted
angle and kx and k
′
x are the x-components of the
wavevector for the incident and transmitted elec-
trons respectively. A factor of eikyy has been omitted
for simplicity. θt and k
′
x, can be written explicitly
as:
θt = arcsin
[
1− ε
1− ε+ ν
sinφ
]
(10)
k′x =
γ
~vf
√
ν2 − 2ν(ε− 1) + (ε− 1)2 cos2 φ, (11)
where ν = V/γ and ε = E/γ are the dimensionless
potential and incident electron energy respectively.
It must be remembered that as the energy and po-
tential terms are being parameterised by γ, γ → 1
in this non-dimensionalised form, so whenever a sum
appears of the form ε+ c etc. the result obtained by
re-introducing the dimensions is 1
γ
(E + cγ).
There exists a critical incident angle given by
Eq. (12) at which the transmitted angle is pi/2.
When φ > φcrit, transmission state is evanescent
and the electron must be reflected.
φcrit = arcsin
[
1 +
ν
1− ε
]
. (12)
4
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FIG. 3. (Color online). Transmission probabilities for
the (a) upper and (b) lower cones across an n-p junction.
The transmission angle is shown in (c) for the upper cone
and in (d) for the lower cone. Cross-hatched pattern
represents an evanescent transmitted mode
For c = +1 incident states, there is no critical angle
in the range of E < V/2 + γ. When E > V/2 + γ,
the Fermi radius of the incident electron in k-space
is larger than that of the transmitted hole and the
critical angle becomes relevant. When the incident
angle φ > φcrit, the transmitted mode is evanescent
and the electron must be reflected as in the case
of total internal reflection in optics. For a c = −1
incident electron, this occurs at the incident energy
E > V/2− γ.
The expressions for transmitted angle (Eq. (10)),
transmitted wavevector (Eq. (11)) and critical angle
(Eq. (12)) can be respectively written in generality:
θt = arcsin
[
µ
ε− c
ε− c− ν
sinφ
]
(13)
k′x = χ
′ γ
~vF
sgn(ε− c− ν)
×
√
ν2 − 2ν(ε− c) + (ε− c)2 cos2 φ (14)
φcrit = arcsin
[
µ
ε− c− ν
ε− c
]
(15)
where µ = χχ′ is the product of chirality indexes.
The transmission probability for the intra-cone,
i.e. c→ c process, is found to be
T =
cosφ cos θt
cos2
(
φ+θt
2
) . (16)
The transmission probabilities for intra-cone pro-
cess of c → −c is zero. This can be understood by
considering the step potential as a sudden pertur-
bation. In the presence of a sudden approximation,
the probability for an initial wavefunction ψc,χ(θ)
to undergo a sudden transition into a new state of
ψc′,χ′(θ
′) is given by P =
∣∣〈ψc,χ(θ)†|ψ′c′,χ′(θ′)〉∣∣2. It
can be shown that
〈ψc,χ(θ)
†|ψ′c′,χ′(θ
′)〉 = (1 + cc′)(χχ′eiϕ + 1) (17)
where ϕ = θ − θ′. This immediately shows that if
c 6= c′ (i.e. cc′ = −1), the transition probability is
strictly zero (P = 0)40. The cone index is therefore a
conserved quantity in the presence of a sudden per-
turbation. The product of the chirality indices χχ′
in general does not give rise to P = 0 when χ 6= χ′.
Therefore, c is a strictly conserved quantity while
χ is not necessarily conserved during a state tran-
sition. The orthogonality of the wavefunction leads
to the conserved cone transport in AA-stacked BLG
across a potential barrier; the electron is constrained
to move within the same cone across a junction26.
This cone transport however does not occur when a
magnetoelectric barrier is present36. The cone trans-
port in AA-stacked BLG highlights a major differ-
ence between its Dirac fermions and those in SLG:
the AA-BLG quasiparticles are not only described
by pseudospin as in the case of SLG, but are also
labeled by an additional cone index, c.
The transmission probabilities of c = +1 and
c = −1 incident electrons are plotted in Fig. 3a
and Fig. 3b respectively. The vertical and horizon-
tal dashed lines indicates the Klein tunneling effect
where the probability of transmission is 100%. As
the band structure of AA-stacked BLG is composed
of two shifted Dirac cones an additional cone index
is introduced. The chirality of the massless Dirac
quasiparticle however is not altered, therefore Klein
tunneling is allowed to occur in AA-stacked BLG.
The transmitted angles are plotted in Fig. 3c
and Fig. 3d. The transmission of electrons can be
thought of analogously to the usual refraction of a
light ray across the interface of two media of differ-
ent refractive index. If the incident angle and the
transmitted angle has the same sign, we have the
usual refraction. If the incident angle and the trans-
mitted angle have opposite signs the electron trans-
mission is equivalent to the optical case of negative
refraction. The horizontal dashed line in Fig. 3c
indicates the transition of a c = +1 electron from
usual refraction into negative refraction. The tran-
sition occurs because the incident electron becomes
hole-like (χ = −1) when the incident energy is lower
than γ. Due to this, the c = +1 electrons can either
be focused or be divergently refracted depending on
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FIG. 4. (Color online). Schematic drawing of a cone
polarizer based on AA-stacked BLG n-p junction: (a)
Incident energy potential height to achieve cone polar-
ization. The incident energy has to be in the range of
γ < E < V0−γ and the potential height has to be greater
than 2γ. (b) Spatial separation of electrons according to
their cone index. Electrons injected at point X are re-
fracted through different transmission angles according
to their cone index. c = +1 electrons are focused at
Point B while c = −1 electrons are focused at Point A.
its incident energy. In Fig. 3d, the chirality of the
incident c = −1 electron is always χ = +1. The
transmitted hole however can be either of χ = ±1,
therefore the transmission can be the usual refrac-
tion or the negative refraction depending on whether
the incident energy is greater than or less than V −γ,
as seen in Fig. 3d.
The protected cone transport and the negative re-
fraction of electrons across the AA-stacked BLG n-p
junction can be used to create a ‘cone polarizer’.
We consider a specific case when the incident elec-
tron energy is V − γ > E > γ and the potential
height is V > 2γ (as indicated in Fig. 4a). In this
case, both c = ±1 incident electrons have a chirality
of χ = +1 (i.e. they are electron-like and the elec-
tron motion is parallel with the wavevector). Upon
transmission, incident states residing in the above
mentioned energy regime are transmitted into hole
states of chirality χ = −1. The transmission involv-
ing a flip of the chirality index is in the same case as
the negative refraction of massless Dirac fermion in
an n-p junction in single layer graphene41. For elec-
trons injected from a point source, the negatively re-
fracted electrons are focused behind the junction41
as is analogous to the light focusing effect of a neg-
ative refractive index medium42. From conservation
of wavevector component parallel to the junction,
the transmitted angles can be written as:
sin θ
(c)
t =
k
(c)
i
k
(c)
t
sinφ (18)
where k
(c)
i and k
(c)
t are the incident and transmitted
wavevectors respectively for electrons in the cone de-
noted by c. This immediately shows that the mag-
nitude of θ
(c)
t is dependent on the Fermi radii of the
incident and transmitted states for a given incident
angle φ. For c = +1 incident electrons, k
(+)
i < k
(+)
t ,
while for c = −1 incident electrons, k
(−)
i < k
(−)
t ,
therefore θ
(+)
t < θ
(−)
t . The c = +1 electrons are
weakly refracted through a smaller angle in com-
parison to the case of c = −1 electron. As illus-
trated in Fig. 4b, the c = +1 electrons injected
from a point source are therefore focused at a po-
sition further away from the junction (at Point B
in Fig. 4b). In contrast, the c = −1 electrons are
strongly refracted through a larger angle, and hence
are focused at a position closer to the junction (at
Point B in Fig. 4b). Consequently, the n-p junction,
operating in the energy regime of V0 − γ > E > γ
and the potential height is V0 > 2γ, is essentially a
‘cone polarizer’ which spatially resolves electrons of
different cone index upon transmission.
B. n-p-n junction
We now consider the tunneling of electron through
a finite-width potential barrier (Fig. 2d):
V (x) =
{
V0 when 0 < x < d
0 otherwise
(19)
where the potential width is d. The total wavefunc-
tion in each region can be written as,
ψL = ψi + ψr, ψC = ψa + ψb, ψR = ψt, (20)
where,
ψi = e
ikxx


χe−iφ
c
χce−iφ
1

 (21a)
ψr = re
−ikxx


−χeiφ
c
−χceiφ
1

 (21b)
6
ψa = ae
ik′xx


χ′e−iθ
c
χ′ce−iθ
1

 (21c)
ψb = be
−ik′xx


−χ′eiθ
c
−χ′ceiθ
1

 (21d)
ψt = te
ikxx


χe−iφ
c
χce−iφ
1

 (21e)
Here r, a, b and t are coefficients to be determined.
By matching the wavefunctions appropriately at x =
0 and at x = d (detailed in Appendix A), the tun-
neling probability is found to be:
Tµ =
cos2 φ cos2 θ
cos2 φ cos2 θ cos2(k′xd) + sin
2(k′xd) [1− µ sinφ sin θ]
2 (22)
ε
φ(rad.)
FIG. 5. (Color online). Transmission probabilities for
(a) upper and (b) lower cones across a n-p-n junction.
where µ = χχ′ = +1 denotes a same-chirality trans-
mission and µ = −1 denotes a chirality-flipping
transmission.
In the transmission probabilities shown in Fig. 5,
Fabry-Pe´rot interferences are observed. Such inter-
ference patterns occur whenever a resonance condi-
tion is achieved within the barrier. Perfect transmis-
sion can occur for oblique incident angles whenever
the condition k′xd = npi (where n ∈ Z) is met. The
incident energy for perfect transmission to occur at
an oblique incident angle φ is given by
εn(φ) = c+
ν ±
√
ν2 sin2 φ+
(
npi
β
)2
cos2 φ
cos2 φ
. (23)
where β = γd
~vF
.
Although the transmission probability of the AA-
stacked BLG has the same form as that of the SLG,
there are several distinctions that can be made be-
tween the AA-stacked BLG and SLG. The most
important distinction is the quasiparticle chirality.
Since the band structure of AA-stacked BLG is made
up of two shifted Dirac cones, the electrons and holes
can both have χ = ±1 chiralities, whereas in SLG
the chirality of an electron is always +1, and -1 for
a hole. This difference manifests itself in the trans-
mitted and critical angles which causes a deviance in
the transmission probabilities (for both the n-p and
n-p-n cases) from those of the single layer case. For
the case of an n-p-n junction in AA-stacked BLG,
an incident c = −1 electron can be transmitted as
either a χ = +1 or a χ = −1 intermediate hole state
inside the barrier depending on the barrier height.
For SLG with an n-p-n junction, only the χ = −1
state is available as an intermediate hole state32.
This chirality flipping behavior is only possible in
AA-stacked BLG due to the up-down shifted Dirac
cones.
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IV. JUNCTION CONDUCTANCE
The conductance across an n-p junction of AA-
stacked BLG is calculated in this section. We use the
Landauer formula43,44 to obtain the conductance.
The two terminal conductance G(E, V ) is written
as:
G(E, V ) = 4
e2
h
∑
ch
Tc ≈ 2
e2W
hpi
∫ kF
−kF
T (ky) dky
=
8e2WkF
hpi
∫ pi
2
0
cos2 φ
√
1− b2cµ sin
2 φ
1 + cosφ
√
1− b2cµ sin
2 φ− bcµ sin
2 φ
ddφ,
(24)
where ‘c’ represents the two transmission channels
through different cone, W is the AA-stacked BLG
sample width, and we define
bcµ =
γ − cE
µ (V − E + cγ)
. (25)
Several special cases of Eq. (24) can be analytically
determined:
Gc=±1
(
E =
V
2
± γ
)
= G0 (26a)
Gc=+1 (E = γ) = (4− pi)G0 (26b)
Gc=−1(E = V − γ) = 0 (26c)
Gc=±1(V = 0) = G0 (26d)
where G0 =
4e2WkF
hpi
and Gc=±1 is the conduc-
tance for the c = ±1 electrons. As the total con-
ductance is defined as the sum of all transmission
channels, the total conductance can be written as
Gtotal = (Gc=+1 + Gc=−1)/2, meaning the conduc-
tances of each cone channel simply add to give the
total conductance. A factor of 1/2 is required since
the total conductance is contributed by two cones.
Gtotal is integrated numerically and the results are
shown in Fig. 6.
All the lines of equal conductance observed in the
conductance plots for the upper and lower cones are
expected by the analytically calculated values (26).
These lines are curved, not straight as one would
expect from the expressions due to the nature of the
parameterization of the graphs.
We now discuss the differences in the conductance
between AA-stacked BLG and SLG. For SLG, the in-
cident energy can be scaled by the potential height,
thus eliminating the potential height from the ex-
pression for conductance. For the AA-stacking how-
ever, the energy and potential are more naturally
V/γ
ε/V
FIG. 6. (Color online). Conductance for (a) lower, (b)
upper cones and (c) the conductance sum of upper and
lower cones. The incident energy, E is in units of V and
the potential height V is in units of γ.
scaled by the inter-layer hopping energy, γ. This re-
sults in the conductance being a function of both
incident energy and potential height, causing the
conductance functions to be more complex in com-
parison to the single layer case. Furthermore, the
total conductance for the AA-stacking is the (aver-
aged) sum of the conductance contributed by two
cones. The total conductance of AA-stacked BLG is
therefore substantially different when compared to
SLG.
The junction conductance for AB-stacked BLG is
also different from AA-stacked BLG since the trans-
mission probabilities of AB-stacked BLG33,45 differ
significantly from that of AA-stacked BLG. The tun-
neling conductance of AB-stacked BLG has been cal-
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culated by Duppen et. al. by using a four-band
model45. A major difference between the conduc-
tance of the AA-stacked and AB-stacked BLG is
that the tunneling conductance in AB-stacked BLG
is made up of four distinct components since tran-
sition between all four bands are possible. The on-
set of each transmission channel in AB-stacked BLG
creates a discontinuity in the conductance plot. In
contrast, the forbidden inter-cone transition allows
only two transmission channels in AA-stacked BLG,
resulting in a smoother conductance plot.
The total integrated conductance, G, is deter-
mined by integrating Eq. (24) over the energy for
each cone, i.e.
G(V ) =
∑
cone
∫
G(E, V )N(E) dE (27)
where N(E) = 2γ
pi(~vF )2
[∣∣∣Eγ − 1
∣∣∣+ ∣∣∣Eγ + 1
∣∣∣] is the
density of states26 and the integral is taken over the
energies of the incident electrons that contribute to
the conductance.
FIG. 7. The total integrated conductance of an n-p
junction. The integrated conductances are plotted for
three Fermi levels (in units of the potential height, V ):
EF/V = 0.25 (solid line), EF /V = 0.50 (dashed line)
and EF /V = 0.75 (dash-dotted line).
The potential height dependence of the total inte-
grated conductance is shown in Fig. 7 (Fermi energy
EF is in the units of V ). The limits for the inte-
gration varies between cones. Only the difference
between the Fermi energy and +(−)γ for the upper
(lower) cone is required to be considered when inte-
grating the conductance, i.e. only states lying above
the Dirac point of each cone contributes to G. For
example, if we consider EF > 0, the limits of inte-
gration will be from −γ to EF for the lower cone,
and EF to γ if EF < γ, or γ to EF if EF > γ.
G exhibits a sharp turning point when the poten-
tial height (in units of γ) is equal to the inverse of
the ratio of the Fermi energy to the potential. This
occurs since the Fermi energy lines up exactly with
the Dirac point with energy γ and the transmission
probability in this state is strictly zero. The upper
and lower integration limits of Eq. (27) are both γ
in this case also. This results in the disappearance
of the upper cone conductance, Gc=+1, and a sharp
turning point occurs in the total conductance.
V. CONCLUSION
The cone conservation in electron transport re-
ported here is only possible in the case of a gapless
band dispersion. A finite electron-electron interac-
tion can give rise to a gap opening at the Fermi
level38,46. In this case the cone conservation is not
observed in the electron transport and both the re-
flected and transmitted states can be in any cone.
This situation is very similar to single layer graphene
where Klein tunneling is only possible when the band
structure is gapless47. For AA-stacked graphene, it
has also been shown that gap can close if the sys-
tem is doped and the doping exceeds some threshold
or the temperature is sufficiently high48,49. In this
case, the reported cone conservation is likely to be
re-established as long as the electron Fermi level still
lies in the linear dispersion regime. The cone con-
servation is a direct consequence of Eq. (17). The
total cancellation of the overlap of the wavefunctions
when c 6= c′ occurs due to the simple form of the
AA-stacked BLG eigenstates in which the compo-
nents are only dependent on the angle of the in-
cident wavevector. In the presence of a gap, such
as the one introduced when an anti-ferromagnetic
ordering is present48, the eigenstates become a far
more complicated function of the wavevector, and
the cancellation of the overlap between eigenstates
of different cones is no-longer possible.
In conclusion, we have theoretically investigated
the quantum tunneling of electrons in AA-stacked
BLG. Since the band structure of AA-stacked BLG
is made up of two shifted Dirac cones, Klein tunnel-
ing was found to occur in this system. The quasi-
particles in AA-stacked BLG are not only chiral but
also labeled by an additional cone index. Due to
the orthogonality of the wavefunctions with differ-
ent cone indices, the cone index is a conserved quan-
tity. Together with the negative refraction of elec-
trons, the protected cone transport across an AA-
stacked BLG n-p junction allows the transmitted
electrons to be spatially separated according to their
cone index. This suggests the potential of achieving
‘cone-tronic’ devices in AA-stacked BLG. The junc-
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tion conductances were calculated for an n-p junc-
tion and a number of difference between the results
for AA-stacked BLG and SLG were found. First,
due to the shifting of Dirac cones in AA-stacked
BLG, the conductance plots of each individual cone
were shifted as compared to those of SLG. Second,
since in AA-stacked BLG there are two transmis-
sion channels, the total conductance is the averaged
sum of both channels in contrast to SLG where only
a single cone is involved. In AB-stacked BLG, the
total conductance is made up of four transmission
channels whereas in AA-stacked graphene, only two
intra-cone transitions are possible. Further, elec-
trons are perfectly reflected at normal incidence in
AB-stacked BLG and obey a considerably different
tunneling probability to AA-stacked BLG. Finally,
we purpose the theoretical results to be verified ex-
perimentally.
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Appendix A: Derivation of transmission
probability across finite width junction
By applying boundary conditions: ψi(x = 0) +
ψr(x = 0) = ψa(x = 0) + ψb(x = 0) and ψa(x =
d) + ψb(x = d) = ψt(x = d), a system of equations
can be formed:


χe−iφ
c
cχe−iφ
1
0
0
0
0


=


χeiφ χ′e−iθ −χ′eiθ 0
−c c c 0
cχeiφ cχ′e−iθ −cχ′eiθ 0
−1 1 1 0
0 χ′eik
′
xde−iθ −χ′e−ik
′
xde−iθ −χeikxde−iφ
0 ceik
′
xd ce−ik
′
xd −ceikxd
0 cχ′eik
′
xde−iθ −cχ′e−ik
′
xdeiθ −cχeikxde−iφ
0 eik
′
xd e−ik
′
xd −eikxd




r
a
b
t

 (A1)
Care needs to be taken with Eq. (A1) as the trans-
mitted angle, θ (≡ θt), can have a phase of pi de-
pending on the chirality index χ of the transmit-
ted states (i.e. whether these states are electron-like
or hole-like). Eq. (A1) is in the form of y˜ = Ax˜
and hence we can find x˜ = A−1y˜ where A−1 is the
pseudo-inverse of A given by A−1 =
(
A†A
)−1
A†.
Only the reflection coefficient r is of interest as the
transmission probability can be calculated directly
from T = 1 − |r|2. It is found that the form of r is
dependent only on whether the electron transition
changes the chirality. It is found that:
rµ =
−2e−iφ sin(k′xd) [sinφ− µ sin θ]
eik
′
xd cos(φ− θ) + µe−ik′xd cos(φ + θ) + 2iµ sin(k′xd)
,
(A2)
where µ = χχ′ = ±1 indicates whether there is a
sign change of the chirality index. The transmission
probability Tµ is given as
Tµ =
cos2 φ cos2 θa
cos2 φ cos2 θa cos2(k′xd) + sin
2(k′xd) [1− µ sinφ sin θa]
2 .
(A3)
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